Abstract. In this paper, we introduce the notions of an iterated planar open book decomposition and an iterated planar Lefschetz fibration and prove the Weinstein conjecture for contact manifolds supporting an open book that has iterated planar pages. For n ě 1, we show that a p2n`1q-dimensional contact manifold M supporting an iterated planar open book decomposition satisfies the Weinstein conjecture.
Introduction
The Weinstein conjecture [Wei] states that, on a compact contact manifold, any Reeb vector field carries at least one closed orbit. The conjecture was formulated by Alan Weinstein in 1978. Several methods from symplectic geometry have been used to prove the conjecture in many cases. However, it is still not known if those methods can be used to prove the conjecture in all cases.
There are many results that move us towards understanding the Weinstein conjecture in both 3 and higher dimensions such as results of Etnyre [Etn] , Floer, Hofer and Viterbo [FHV] , [H] , [HV] , [Vit] , and also of Taubes [T] . The conjecture was proven for all closed 3-dimensional contact manifolds by Taubes [T] by using Seiberg-Witten theory. However, it is still open in higher dimensions. Yet there are partial results analyzing the conjecture in higher dimensions. In [Vit] , the conjecture was proven for all closed contact hypersurfaces in R 2n , n ě 2. In [HV] and [FHV] , the result was extended to cotangent bundles by using the presence of holomorphic spheres and also to a large class of aspherical manifolds, respectively.
In this paper we examine the Weinstein conjecture in the case of a special class of higher dimensional contact manifolds. Briefly, a Weinstein domain pW, ω " dλq is a compact exact symplectic manifold with boundary equipped with a Morse function φ : W Ñ R which has BW " tφ " 0u as a regular level set and a Liouville vector field which is gradient like for φ.
We say that a 2n-dimensional Weinstein domain pW 2n , ωq admits an iterated planar Lefschetz fibration if there exists a sequence of symplectic Lefschetz fibrations f 2 , . . . , f n where f i : W 2i Ñ D, where D is a 2-disk and i " 2, . . . , n, such that each regular fiber of f i`1 is the total space of f i and f 2 : W 4 Ñ D is a Lefschetz fibration whose fibers are planar surfaces, i.e. f 2 is a planar Lefschetz fibration.
For n ě 2, T˚S n and A k -singularities given by the variety tpz 1 , . . . , z n q | z 2 1`¨¨¨`z 2 n´1`z k`1 n " 1u Ă pC n , ω std q for n ě 3 are two significant classes of Weinstein domains admitting an iterated planar Lefschetz fibration. See Section 3 for more details.
Finally, an iterated planar contact manifold is a contact manifold supporting an open book whose pages admit an iterated planar Lefschetz fibration.
In this paper, we prove the following theorem.
Main Theorem. Let pM, λq be a p2n`1q-dimensional iterated planar contact manifold. For any λ on M , the associated Reeb vector field on M admits a closed Reeb orbit.
Notice that when n " 1, M is a planar contact manifold and in that case, the Weinstein conjecture is known to be true [ACH] .
Plan of the paper. In Section 2, we will establish some standard background and notation. In Section 3, we will introduce two new notions; iterated planar Lefschetz fibration and its associated open book. Here we also remind the reader the necessary background on Lefschetz fibrations and their compatibility with almost complex structures. The remainder of the paper is then devoted to the proof of the Main Theorem which has three main subsections discussing regularity (Section 4.4), compactness (Section 4.8.1), dimension (Section 4.2) of the moduli space of planar J-holomorphic curves in RˆM around a singular fiber and away from a singular fiber in the Lefschetz fibration setting by using the iterative argument on Lefschetz fibrations. By using these results, we will argue that the symplectization of M is filled by planar J-holomorphic curves away from the binding orbits, i.e. there exists a unique curve, up to algebraic count, passing through every point in RˆM . The rest of the proof is then just an application of a neck-stretching argument that helps us observe the desired closed Reeb orbits.
The contact condition on M implies that dpe s λq is a symplectic form on the symplectization RˆM . Observe that B s is a Liouville vector field transverse to the slices tsuˆM . Thus, every contact manifold is a contact type hypersurface in its own symplectization pRˆM, dpe s λqq.
Definition 2.5. If pM, ξq is the boundary of a Weinstein domain pW, ω " dλq, then one can smoothly attach a cylindrical end to define a larger symplectic manifold (2.1) p x W ,ωq " pW, ωq Y BW pr0, 8qˆM, dpe s λqq called the symplectic completion of pW, ωq.
2.2. Almost complex structures. Let M be a p2n`1q-dimensional contact manifold and λ be a nondegenerate contact form on M . Denote by R λ the Reeb vector field for λ.
Definition 2.6. Let W be a 2n-dimensional manifold. An almost complex structure is an endomorphism J : T W Ñ T W such that J 2 "´1. pW, Jq is then called an almost complex manifold.
Definition 2.7. An almost complex structure J on a symplectic manifold pW, ωq is said to be compatible with ω (or ω-compatible) if
(1) ωpJu, Jvq " ωpu, vq, for any u, v P T W and (2) ωpv, Jvq ą 0, for any nonzero v P T W .
It is known that the set of all almost complex structures on a symplectic manifold pW, ωq is nonempty and contractible. Therefore, the tangent bundle T W can be considered as a complex vector bundle.
Definition 2.8. Let pF, jq be a Riemann surface and pW, Jq be an almost complex manifold. A J-holomorphic curve (or pseudoholomorphic curve) is a smooth map u : F Ñ W such that its differential, at every point, satisfies the following complexlinearity condition:
du˝j " J˝du or, equivalently, B J u " 0.
We will now define a special class of compatible almost complex structures on pRˆM, dpe s λqq. Since RˆM is noncompact, an almost complex structure J on RˆM needs to satisfy certain conditions near infinity in order to obtain a well behaved space of J-holomorphic curves. Note that the symplectization of M inherits a natural splitting of the tangent bundle T pRˆM q " RxB s y ' RxR λ y ' ξ, where B s is the unit vector in the R-direction. We will use this information to make the following definition:
Definition 2.9. An almost complex structure J on RˆM is called λ-compatible if
(1) J is R-invariant.
(2) JpB s q " R λ and Jp´R λ q " B s , where B s is the unit vector in the R-direction.
(3) Jpξq " ξ.
(4) J| ξ is dλ-compatible.
Notation. We will denote by J pRˆM q the space of all λ-compatible almost complex structures on RˆM .
Definition 2.10. Let pM, ξq be a contact type hypersurface in a Weinstein domain pW, ω " dλq. An ω-compatible almost complex structure J on W is called pM, λq-compatible if J restricts to a λ| M -compatible almost complex structure on a collar neighborhood of M . Definition 2.11. A positive end (resp., negative end ) of a J-holomorphic curve u is a neighborhood of a puncture on which u is asymptotic to some Rˆγ as s Ñ 8 (resp., s Ñ´8), where γ is a closed Reeb orbit. The J-holomorphic curve u is then called asymptotically cylindrical.
Stable Hamiltonian structures.
Definition 2.12. A stable Hamiltonian structure (SHS) H on a p2n`1q-dimensional manifold M is a pair pΩ, Λq consisting of a closed 2-form Ω and 1-form Λ defined on M with the following properties:
(1) ker Ω Ă ker dΛ.
(2) Λ^Ω n ą 0.
Note that the condition p1q can equivalently be written as dΛ " gω where g : M Ñ R is a smooth function. Observe also that the condition p2q is equivalent to Ω| ξ is nondegenerate, where ξ¨" ker Λ is a co-oriented hyperplane distribution. In other words, Ω| ξ is a symplectic vector bundle. Moreover, on a neighborhood p´ , qˆM of M , for ą 0 sufficiently small, dpsΛq`Ω is a symplectic form where s P p´ , q. One can generalize this further to RˆM by letting the symplectic form on RˆM to be ω φ " dpφpsqΛq`Ω where φ : R Ñ p´ , q is a strictly increasing function. Observe that the symplectization of pM, Hq is symplectomorphic to pRˆM, ω φ q.
Definition 2.13. The Reeb vector field R H of a stable Hamiltonian structure H on M is a vector field characterized by
Notice that the flow of the Reeb vector field R H preserves Λ, Ω, and g, i.e.,
Definition 2.14. Let M be a hypersurface in a symplectic manifold pW, ωq. A stabilizing vector field Z on a neighborhood of M is a vector field satisfying the following properties:
(1) Z is transverse to M .
(2) The 1-parameter family of hypersurfaces M s " tsuˆM , for s P p´ , q, generated by the flow of Z preserves the Reeb vector fields. That is, the Reeb vector field on each slice M s " tsuˆM is independent of s.
Example 2.15. Let pM, ξ " kerpλqq be a contact hypersurface of a symplectic manifold pW, ωq then H " pdλ, λq is a stable Hamiltonian structure in which R H is the Reeb vector field in the usual sense, the Liouville vector field Z transverse to M is a stabilizing vector field and g " 1.
Recall that Ω| ξ is symplectic. One can then define Ω-compatibility of an almost complex structure J on RˆM after controlling the (end) behavior of J-holomorphic curves in RˆM near infinity.
Definition 2.16. An almost complex structure J on RˆM is called Ω-compatible if
(2) JpB s q " R H and Jp´R H q " B s , where B s is the unit vector in the R-direction.
is Ω-compatible.
Notation. We will denote by J pHq the space of all Ω-compatible almost complex structures J on r0, 8qˆM .
2.4. Neck stretching. In this subsection we describe neck-stretching, which is a technique originating in symplectic field theory (SFT), also known as the splitting of a symplectic manifold W along a contact hypersurface M by deforming the almost complex structure on W in some neighborhood of M . See [BEH`] and [EGH] for more details.
Let pM, ξq be a contact type hypersurface of an exact symplectic manifold pW, ω " dλq and Z be a Liouville vector field positively transverse to M . Suppose that M divides W into two parts W`and W´with two boundary components M`and M´, respectively, so that Z points outwards along M`and inwards along M´.
Let J be an ω-compatible almost complex structure on pW, ωq which is also pM, λq-compatible and Z be a Liouville vector field on W . We wish to construct a family of ω-compatible almost complex structures on W as follows:
Let I t " r´t´ , t` s. Denote by X s the flow of the Liouville vector field Z. Define a diffeomorphism ϕ t as follows:
where β : I t Ñ r´ , s is a strictly increasing function chosen in such a way that it is close to being the identity map near s " 0.
Assume that I tˆM is equipped with the symplectic form ω β " dpe βpsq λq " ϕt pωq. LetJ t be an almost complex structure on I tˆM such thatJ t | ξ " J| ξ .
Assume also thatJ t is invariant in the Liouville direction. One can then form pI tˆM ,J t q Y ϕt pW´ϕ t pI tˆM q, Jq by gluing via the diffeomorphism ϕ t . The resulting manifold is then symplectomorphic to pW, J t q where J t is the new ω-compatible almost complex structure on W .
Definition 2.17. The family tJ t u 8 t"0 of ω-compatible almost complex structures on W is called the pM, λq-neck-stretching of J 0 along a neighborhood of M , where J 0 is pM, λq-compatible. The symplectic completion p x W ,ωq of pW, ωq is then the following noncompact symplectic manifold defined by attaching cylindrical ends to some collar neighborhood of M˘:
Definition 2.18. An almost complex structure J on p x W ,ωq is calledω-compatible if the following conditions hold:
(1) On the ends pr0, 8qˆM`, dpe s λqq and p´8, 0sˆM´, dpe
(2) On W , J is ω-compatible, i.e., gp¨,¨q " ωp¨, J¨q is a Riemannian metric.
Notation. We will denote by J p x W q the set of allω-compatible almost complex structures on x W .
We can now make the following definition:
Definition 2.19. Fix nonnegative integers k`and k´. Let γ˘" pγ1 , . . . , γk˘q be ordered sets of Reeb orbits of R˘and let A be a relative homology class in H 2 pW, γ`Y γ´q where, by abuse of notation, γ˘are viewed as subsets of M˘.
The moduli space ofω-compatible J-holomorphic curves, with m marked points, homologous to A and asymptotic to pγ`, γ´q in x W is a family of equivalence classes of tuples
with the following properties:
(1) F is a closed genus 0 surface. (2) Γ`" pz1 , . . . , zk`q and Γ´" pz1 , . . . , zḱ´q are disjoint and ordered sets of positive and negative punctures in F . (3) 9 F¨" F z pΓ`Y Γ´q is a genus 0 surface with k punctures where k " k``k´. (4) u : p 9 F , jq Ñ p x W , Jq is an asymptotically cylindrical J-holomorphic curve, i.e., u is asymptotic to Rˆγȋ near each zȋ P Γ for i " 1, . . . , k˘and du˝j " J˝du. (5) u : p 9 F , jq Ñ p x W , Jq represents the relative homology class A P H 2 pW,γ`Yγ´q.
Here the equivalence is given by pu, pz 1 , . . . , z m" pu˝φ, pφ´1pz 1 q, . . . , φ´1pz mwhere φ is an automorphism of p 9 F , jq taking Γ`to Γ`and Γ´to Γ´.
We explain what it means for u : p 9 F , jq Ñ p x W , Jq to represent A.
LetF be the compact surface with boundary which is obtained from 9 F by adding t˘8uˆS 1 to each cylindrical end. Let r : x W Ñ W be the retraction onto W such that r| W is the identity map and rps, mq " m P M˘when ps, mq P p´8, 0sˆM´or r0, 8qM`.
Then r˝u : 9 F Ñ W has a continuous extensionū : pF , BF q Ñ pW,γ`Yγ´q and by u representing a nonzero relative homology class A " rus P H 2 pW,γ`Yγ´q, we meanū representing A whose image under
The moduli space M x W ,m pJ, A, γ˘q then comes with a natural map that records the evaluation of the curves at the marked points. The evaluation map encodes relations between the topology of x W and the structure of the moduli space of curves in x W . The degree of evaluation map is an algebraic count of the number of J-holomorphic curves with a marked point passing through a generic point in x W that carry the relative homology class A.
In dimension 4, there are particularly powerful results regarding the intersection properties of J-holomorphic curves.
Theorem 2.21. [MS, Theorem 2.6 .3, Positivity of intersections] pX, Jq Let X be a 4-dimensional almost complex manifold and u 1 and u 2 be two simple J-holomorphic curves in X representing the homology classes A 1 , A 2 P H 2 pXq. Each intersection of the images contributes a positive integer to the homological intersection A 1¨A2 of the two curves and that number is 1 if and only if the intersection is transverse.
In particular, the homological intersection A 1¨A2 is always nonnegative. If it is 0, then u 1 and u 2 are disjoint J-holomorphic curves. We also note that the positivity of intersections is a local result and applies to punctured J-holomorphic curves in the symplectization.
Theorem 2.22. [Wend, Theorem 2, Automatic transversality] Let u be an embedded punctured J-holomorphic curve in the symplectization pRˆM, Jq of a 3-manifold M equipped with a stable Hamiltonian structure and generic almost complex structure J. Then every curve in the unparametrized moduli space Ă M RˆM,m pJ, A, γ˘q is embedded.
Iterated planar open book decompositions
In this section we introduce the notions of an iterated planar Lefschetz fibration, an iterated planar open book decomposition and related necessary background to introduce these two notions.
3.1. Open book decompositions. (1) F is a compact 2n-dimensional manifold with boundary, called the page and (2) Φ : F Ñ F is a diffeomorphism preserving BF , called the monodromy. The preimage F θ :" π´1pθq, for θ P S 1 , gives a 2n-dimensional manifold with boundary BF θ " B called the page of the open book. The holonomy of the fiber bundle π determines a conjugacy class in the orientation-preserving diffeomorphism group of a page F θ fixing its boundary, i.e., in Diff`pF θ , BF θ q which we call the monodromy.
Since M is oriented, pages are naturally co-oriented by the canonical orientation of S 1 and hence are naturally oriented. Also, the binding inherits an orientation from the open book decomposition of M . We assume that the given orientation on B coincides with the boundary orientation induced by the pages.
By using this description, one can construct a closed p2n`1q-dimensional manifold M from an abstract open book in the following way: Consider the mapping torus
The boundary of F Φ is then given by
since Φpzq " z on BF . Let |BF Φ | denote the number of boundary components of F Φ . We set
ppθ, pq P BF Φ q " ppθ, pq P BDˆBF q .
Here the boundary of each disk S 
The mapping torus F Φ carries the structure of a natural fibration F Φ Ñ S 1 , away from BF , whose fiber is the interior of the page F of the open book decomposition. (1) The critical points of f are isolated, nondegenerate, and are in the interior of W . (2) If p P W is a critical point of f , then there are local complex coordinates pz 1 , . . . , z n q about p " p0, . . . , 0q on W and z about f ppq on D such that, with respect to these coordinates, f is given by the complex map z " f pz 1 , . . . , z n q " z
There exists a decomposition of BW into horizontal and vertical parts B h W and B v W , respectively, which meet at a codimension 2 corner and B v W " f´1pBDq and B h W " Y zPD BF z . Here B h W is the boundary of all fibers including singular ones.
Denoting the critical points by p 1 , . . . , p r P W and the corresponding critical values by c 1 , . . . , c r P D, r ě 1, for each z P Dztc 1 , . . . , c r u, F z " f´1pzq is a p2n´2q-dimensional submanifold of W with nonempty boundary. We shall now describe the compatibility conditions between a topological Lefschetz fibration f : W Ñ D and a symplectic form ω on W as given in [KS] .
(1) f is a topological Lefschetz fibration. (2) ω " dλ is an exact symplectic form on W such that pBW, λ| BW q is a contact manifold. (3) Each regular fiber F z , z P Dztc 1 , . . . , c r u, carries the structure of an exact symplectic manifold with contact type boundary. (4) Let F z 0 be a reference fiber and denote by λ| BFz 0 the pullback from BF z 0 to Dˆpr0, 1sˆBF z 0 q. Then, on a neighborhood pr0, 1sˆBpB v W qqˆB h W of B h W , the contact form λ " λ| BFz 0`K f˚pσq, where σ is the standard Liouville form on D and K is a sufficiently large constant.
Note that the condition (4) in the definition above implies that ω " dλ is an exact symplectic form and the vector field defined by λ is transverse to BW and points outwards (see McLean [M, Theorem 2.15] ). Therefore, one can smooth the corners of BW to obtain a symplectic deformation of W .
We will next examine the compatibility of an almost complex structure on with a symplectic Lefschetz fibration. Given a symplectic Lefschetz fibration pf : W Ñ D, ω " dλq. Fix a complex structure j on D. We can then make the following definition:
Definition 3.6. An almost complex structure J on W is compatible with a symplectic Lefschetz fibration pf :
(2) J " J 0 and j " j 0 near critical points of W , where J 0 and j 0 are the standard almost complex and complex structures on C 2 and C, respectively. (3) In a neighborhood of B h W , J is a product almost complex structure.
Note that the matrix for J never achieves to be antisymmetric. Therefore, J is not ω-compatible. However, J is tamed by ω (see Seidel [S, Lemma 2 .1]). Denote by J f pW q the space of almost complex structures compatible with a symplectic Lefschetz fibration. Moreover, it is known that J f pW q is nonempty and contractible.
Definition 3.7. A completion of the symplectic Lefschetz fibration pf :
The contact form λ| BFz extends over the cylindrical end r1, 8qˆB h W to s¨λ| BFz where s denotes the R`-direction.
where λ|F is the pullback from BF to Dˆpr1, 8qˆBF q, p σ is the standard Liouville form on C, and K is a sufficiently large constant. Now we will turn our attention to the almost complex structures on the completion of a symplectic Lefschetz fibration. Let J be a compatible almost complex structure on x W and j be the standard complex structure on C.
Definition 3.8. An almost complex structure J on x W is compatible with pf : x W Ñ C, p ωq if the following conditions hold:
(1) df˝J " j˝df .
(2) On pr1, 8qˆBF qˆD, J is a product almost complex structure. (1) there exists a sequence of symplectic Lefschetz fibrations f 2 , . . . , f n where f i :
2i is a regular fiber of
Here the superscript 2i indicates the dimension of W 2i . Notice that when n " 2, W 4 admits a planar Lefschetz fibration.
Let us give here two important examples of manifolds admitting iterated planar Lefschetz fibrations.
Example 3.11. For n ě 2, the unit disk bundle W 2n " T˚S n admits an iterated planar Lefschetz fibration since each regular fiber of a Lefschetz fibration on T˚S n is T˚S n´1 and the Lefschetz fibration on T˚S 2 is planar with fibers T˚S 1 " r0, 1sˆS 1 .
Example 3.12. Consider A k -singularity which is, by definition, symplectically identified with
for n ě 3 and k ě 2. It is known that A k -singularity can be expressed as a plumbing of k copies of T˚S n´1 . Notice that each regular fiber of a Lefschetz fibration on A ksingularity is T˚S n´1 . Hence, the discussion above implies also that A k -singularity admits an iterated planar Lefschetz fibration. We shall now construct an almost complex structure J on x W compatible with a suitable stable Hamiltonian structure on x W to be able to study the J-holomorphic curves on the pages of the open book decomposition of BW . Denote by pW, ω " dλq a 2n-dimensional Weinstein manifold with boundary BW " M . Suppose that pM, ξ " ker λq bounds an iterated planar Lefschetz fibration. Then the following lemma holds:
Lemma 3.14. Let pf : W Ñ D, ω " dλq be an iterated planar Lefschetz fibration. Then there exists an almost complex structure J P J h p x W q compatible with a suitable stable Hamiltonian structure H on r0, 8qˆM such that the fibers off : x W Ñ C are holomorphic.
Proof. Recall that the space of almost complex structures compatible with the completion of a symplectic manifold (c.f. Definition 3.8) is nonempty and contractible. Then, there exists at least one J P J h p x W q defined as in Definition 3.8. It is left to show that it is also compatible with some suitable stable Hamiltonian structure on the symplectization of M such that the fibers off are holomorphic.
We will start with the construction of a suitable stable Hamiltonian structure on M and then examine the abstract open book decomposition of M . The advantage of working with stable Hamiltonian structures is that if we pick a suitable stable Hamiltonian structure as in [Wenb] , then then it admits arbitrarily small perturbations that are contact structures supported by the planar open book decomposition defined on the boundary of a planar Lefschetz fibration.
Let θ and φ be the coordinates on the boundary of fibers and on the boundary of D, respectively. Denote by s and t the vertical and horizontal collar coordinates of B v W and B h W , respectively. Let F z be the fiber over z P D. Consider the fiberwise Liouville form λ| BFz on each of the fibers such that (1) dλ| Fz is a symplectic form and (2) λ| BFz is a contact form.
Note that the fiberwise Liouville form λ| BFz is independent of the choice of z P D. Observe also that λ| BFz " e s dθ near B h W . Let σ be the standard Liouville form on D such that σ " e t dφ is a Liouville form near the boundary of D. By using this information, one can construct a Liouville form near corners whose flow smooths the corners of BW . We shall now construct a Liouville vector field near the corners by turning the fiberwise Liouville form into a Liouville form:
where K is a sufficiently large positive constant and ω K " dλ K is symplectic (see Seidel [S, Lemma 1.5] ). Note that the Liouville form λ K induces a Liouville vector field Z K " pB t`Bs q near the corner and a Reeb vector field B φ . Now we want to define a new vector field Z in some neighborhood of M as follows:
for s ď b, where β is a suitably chosen cutoff function.
In light of this vector field, one can construct a stable Hamiltonian structure H induced by Z on M as follows:
Recall that the characteristic vector field is given by the φ-direction. Notice that the flow of Z doesn't change that line field since there is no dependence on the sdirection. Now observe that if we take the smooth hypersurface M and flow it along Z, we obtain a 1-parameter family of hypersurfaces whose characteristic line fields are all identical. In other words, Z is a stabilizing vector field. Hence, if we choose another hypersurface M which is transverse to the Liouville vector field Z K , lying below M and also sufficiently close to it as in Figure 4 , then the region in between is a symplectic cobordism.
Observe also that on
Note that this construction is true for any p2n`1q-dimensional Weinstein fillable contact manifold M .
The remainder of the proof closely follows the construction in [Wenb] . Denote by pF, Φq the abstract open book decomposition of M . Let F Φ and B the associated mapping torus and the binding, respectively. Here we are using the notation in Definition 3.1. By page, we mean the fibers of the mapping torus F Φ . The compatibility check of J on M will be done on F Φ and DˆB separately.
On F Φ , the co-oriented hyperplane distribution ξ is tangent to the pages and is preserved under any J we choose. Therefore, for any choice of J, the fibers of the mapping torus, i.e., the pages become holomorphic. That is to say, tsuˆtθuˆF in RˆF Φ is a J-holomorphic curve for any choice of J. Now we need to check if that extends to a neighborhood of the binding. To do this, we need to find a Jholomorphic cylinder asymptotic to tr " 0u near the binding that fit smoothly with the fiber tθuˆF . To see this, we refer the reader to [Wenb] for a detailed analysis near the binding.
One can then attach the cylinder to the holomorphic fiber tsuˆtθuˆF which extends to a holomorphic fiber in the symplectization of F Φ to an embedded Jholomorphic curve in the symplectization of the Weinstein fillable contact manifold M . Therefore, J P J h p x W q is compatible with the symplectization of the stable Hamiltonian structure H.
Proof of the Main Theorem
The proof is based on an inductive argument which helps us carry several results and phenomena particular to dimension 4, such as automatic transversality and positivity of intersection, to higher dimensions. Denote by x W the completion of a Weinstein domain W . Let J P J h p x W q. We will specify the Reeb orbits γ`and the relative homology class A for the moduli space M x W ,m pJ, A, γ`q of planar J-holomorphic curves in x W asymptotic to γ`. Notice that these curves do not have any negative ends since W is a Weinstein domain.
When n " 1, we take γ`to be the binding of the open book supported by M 3 . Similarly, when n " 2, we take t0uˆγ`in the neighborhood DˆBW 4 " DˆM 3 of the binding of the open book of M 5 .
More generally, when n ą 1, the associated Reeb orbits for M 2n`1 are
which we will simply call γ throughout the paper.
We set A " rt0uˆt0uˆ¨¨¨ˆt0uˆW 2 s P H 2 pW 2n , γq where
Notation. In the rest of this paper, we write M The proof can be summarized as follows: Denote by f n : W 2n Ñ D the associated iterated planar Lefschetz fibration. We will study the foliation of x W 2n by planar J-holomorphic curves by using f n . If f n has no singular points, then we can use the facts that there exists an almost complex structure J compatible with a suitable stable Hamiltonian structure such that each regular fiber W 4 of f 3 is foliated by planar J-holomorphic curves [Wenb, Main Theorem] and each regular fiber of f n is W 2n´2 . Hence, the filling follows.
If f n has singular points, we need to make sure that the holomorphic curves pass through the singular points safely without any obstruction. Away from singular points, regular fibers are foliated by planar J-holomorphic curves by using the inductive argument provided by the iterated planar Lefschetz fibration structure. However, around each singular point, it is not clear if we can extend the family of J-holomorphic curves in a regular fiber across the singular fibers safely. The singular point may block the holomorphic curves from passing through the singular point.
A priori, we have no control over curves when they get pinched. We want to extend the family of curves in the regular fiber across singular fibers. In order to extend across the singular fibers, we will apply neck stretching to a neighborhood of a critical point since each curve in that neighborhood will then look like limiting Reeb orbits. By neck stretching, we are able to normalize the neighborhood of the critical point. Hence, the picture becomes clearer. This local analysis is to make sure that there exists a planar J-holomorphic curve through each point in x W 2n .
We will prove the Proposition 4.1 via an inductive construction examining the following arguments inductively:
(1) All J-holomorphic curves in the associated moduli space are transversely cut out, i.e., the moduli space is regular. (2) The compactification of the associated moduli space is nice. This will be elaborated in Section 4.8.1. (3) The associated moduli space has the expected dimension.
Once we achieve these for all n ě 2, we can use the evaluation map to show that there exists a unique holomorphic curve, up to algebraic count, passing through each generic point in x W 2n since the evaluation map is a degree 1 map. The rest of the proof will then be reduced to applying neck-stretching to a neighborhood of a contact hypersurface in RˆM 2n`1 which will help us observe that all J-holomorphic curves in the moduli space M RˆM,1 pJq are asymptotic to closed Reeb orbits.
Lemma 4.2. The index of u (the Fredholm index of the linearized Cauchy-Riemann
Proof. Recall that the expected dimension of the moduli space of J-holomorphic curves in x W 2n is the Fredholm index ofB J u. This index is
where γ`and γ´are positive and negative ends of up 9 F q, respectively and τ is the trivialization of ξ along γ˘. Note that the Conley-Zehnder index is independent of the choice of τ . The dimension of the ambient manifold is 2n, which explains the term pn´3q.
Let k be the number of positive ends of up 9 F q. Recall that we do not have any negative ends. Therefore, µ CZ pγ´, τ q " 0. Let us begin with the case n " 2. With respect to the trivialization τ for which boundary of the pages are longitudinal, the Conley-Zehnder index of each of the Reeb orbits is µ CZ pγ`, τ q " 1 for the elliptic case.
The relative first Chern number of the bundle u˚T p x W 2n q Ñ 9 F with respect to the trivialization τ is
where N u denotes the normal bundle to u. Observe also that transverse direction is trivial. Thus, we have
It remains to analyze the tangential component of c 1 . Note that the relative Chern class of a planar surface 9 F with k positive ends is given by ă c 1 pT 9 F , τ q, 9 F ą"ă ep 9 F q, 9 F ą" χp 9 F q " 2´k.
Having determined the relative first Chern number, we shall compute the index for n " 2:
indpuq " p2´3qp2´0´kq`k´0`2pc 1 pT 9 F"´1p2´kq`k`2p2´kq " 2.
Now consider the case when u : p 9 F , jq ÝÑ p x W 2n , Jq and dim R p x W 2n q " 2n. Consider also a projection map from a neighborhood N pBpW 2n´2of BpW 2n´2 q to D. This map gives a trivialization τ of N pBpW 2n´2-BpW 2n´2 qˆD. We then obtain
Thus, Equation 4.1 implies that indpuq " pn´3qχp 9 F q`k¨pn´1q´0`2χp 9 F q " pn´3qp2´kq`k¨pn´1q`2p2´kq " pn´1qp2´kq`k¨pn´1q " 2n´2.
4.3. Induced complex structure on T˚S n´1 . Consider the iterated planar Lefschetz fibration
One can then realize the cotangent bundle T˚S n´1 as a subset of a regular fiber near a singular fiber of f n . Equivalently, T˚S n´1 can be thought of as the standard neighborhood of the vanishing cycle S n´1 of a fiber of f n .
In this subsection, we consider
and identify it with a fiber of the map ϕ n : C n Ñ C,
This identification gives a complex structure on T˚S n´1 which is induced from C n with the standard complex structure. We then prove:
Lemma 4.3. The standard complex structure on C n induces a complex structure on T˚S n´1 which is asymptotically cylindrical at the ends of T˚S n´1 .
Proof. Consider the map ϕ n given by Equation 4.2. We want to identify ϕ´1 n p1q with T˚S n´1 . Let w be a positive real number and x " px 1 , . . . , x n q and y " py 1 , . . . , y n q P R n . Then consider ϕ´1 n pwq " tx`iy P C n | |x| 2´| y| 2 " w and x¨y " 0u.
Note that ϕ´1 n pwq is a symplectic submanifold of pC n , ωq with the standard sym-
Consider T˚S n´1 " tpu, vq P R nˆRn | |u| " 1 and u¨v " 0u Ă R 2n . Note that T˚S n´1 is symplectic submanifold of R 2n with the restriction of the standard symplectic form dv^du on R 2n . Consider the map
x`iy Þ Ñˆ´x |x| , y|x|˙.
Denote by Φ the restriction map φ| ϕ´1 n p1q . Then the fiber ϕ´1 n p1q can be identified with T˚S n´1 via the following diffeomorphism:
Denote by λ 1 " 1 2 pxdy´ydxq| ϕ´1 n p1q and λ 2 " vdu| T˚S n´1 the Liouville forms of ϕ´1 n p1q and T˚S n´1 , respectively. Note that λ 1 and λ 2 are pullbacks of the standard primitives of the symplectic forms on C n and R 2n to ϕ´1 n p1q and T˚S n´1 , respectively.
Claim. The map Φ : pϕ´1 n p1q, λ 1 q Ñ pT˚S n´1 , λ 2 q is an exact symplectomorphism.
Proof. In light of the construction above, it is sufficient to show that Φ˚pλ 2 q´λ 1 is exact.
Φ˚pvduq " Φ˚p
Φ˚pvduq´1
2 pxdy´ydxq "´ydx´1 2 pxdy´ydxq "´1 2 pxdy`ydxq "´1 2 dpx¨yq " 0.
Hence, Φ : ϕ´1 n p1q Ñ T˚S n´1 is an exact symplectomorphism.
Via the diffeomorphism Φ : ϕ´1 n p1q Ñ T˚S n´1 , the complex structure on C n then induces a complex structure on T˚S n´1 . Let j be a complex structure on T˚S n´1 induced from the standard complex structure on C n via the diffeomorphism Φ : ϕ´1 n p1q Ñ T˚S n´1 .
End behavior of j. In this subsection, we consider the singular fiber Q s given by
Next we will analyze the behavior of the induced complex structure j when it goes sufficiently far out in the fiber to see if it is cylindrical at the ends. To see this, we will examine the induced complex structure j on the singular fiber and regular fiber, separately.
Claim. The induced complex structure j is cylindrical on Q s .
Proof. The singular fiber Q s is equipped with the standard symplectic form ω " dλ where λ " To observe the end behavior of the induced complex structure, we will intersect Q s with some sphere depicted as in Figure 5 . Local picture representing the intersection of the singular fiber Q s with a sphere S above a critical point. Here H s represents the hypersurface obtained by the intersection of Q s with the sphere S given by the equation x 2`y2 " 2c 2 for c P R. Figure 5 and define the hypersurface, which we will call H s , as follows:
, .
-
(1) We first show that the induced complex structure j sends the Liouville vector field X to the Reeb vector field jX.
One can compute that the orthogonal complement to T px,yq H s at px, yq P H s is spanned by px,´yq, py, xq, px, yq or equivalently, px, 0q, p0, yq, py, xq. Note that the induced complex structure is the standard complex structure on C n . Therefore, one can compute the vector field jX as follows:
Notice that jX " p´y, xq is tangent to the hypersurface H s for all px, yq P H s . This follows from the following computation. p´y, xq¨px, 0q "´y¨x " 0 p´y, xq¨p0, yq " x¨y " 0 p´y, xq¨py, xq " |x| 2´| y| 2 " 0 Moreover, jX is the Reeb vector field for λ. To see this, i jX ω| Hs " ωpjX,¨q| Hs " ωˆ1 2ˆ´y
It also satisfies the rescaling condition:
since |x| 2`| y| 2 " 4 on H s . Thus, the induced complex structure j sends X to the Reeb vector field jX.
(2) Next we show that the contact distribution ξ is preserved by j.
Firstly, note that pjXq K " R ă px, 0q, p0, yq, py, xq, p´y, xq ą K . For px, yq P H s , we know that the tangent bundle T H s K R ă px, 0q, p0, yq, py, xq ą and ξ Ă T H s . Therefore, for any pu, vq P ξ, we have pu, vq¨px, 0q " u¨x " 0, (4.3) pu, vq¨p0, yq " v¨y " 0, (4.4) pu, vq¨py, xq " u¨y`v¨x " 0. (4.5) Also, kerpλq is perpendicular to the Reeb vector field jX. Therefore, ξ is spanned by the orthogonal complement of px, 0q, p0, yq, py, xq, and p´y, xq. That is, ξ " R ă px, 0q, p0, yq, py, 0q, p0, xq ą K when restricted to the hypersurface H s . In addition to the relations above , we have pu, vq¨py, 0q " u¨y " 0, (4.6) pu, vq¨p0, xq " v¨x " 0. (4.7)
Next we claim that this implies that the contact distribution is preserved by j, i.e., jpξq " ξ. To see this, let pu, vq P ξ. Then jpu, vq " p´v, uq and p´v, uq¨px, 0q Therefore, p´v, uq P ξ. With that, we have verified that ξ is preserved by the induced complex structure.
Therefore, when H s flows with respect to X, the induced complex structure j becomes cylindrical at the ends of the singular fiber Q s which proves the claim.
It is left to study the regular fiber case. Consider the regular fiber Q " " |x| 2´| y| 2 " 1, x¨y " 0 * near Q s and identify it with T˚S n´1 . Unlike the singular case, the induced complex structure j on Q is not automatically cylindrical at the ends of Q. It is rather asymptotically cylindrical which follows along the same lines as [B, Example 2] by using a cylindrical coordinate chart on the symplectization of the unit sphere bundle
This finishes the proof of Lemma 4.3.
Regularity of J-holomorphic curves.
Here we recall the space J h p x W 2n q of almost complex structures compatible with the Lefschetz fibrationf n :
Proposition 4.4. There exists an almost complex structure J P J h p x W 2n q compatible with a suitable stable Hamiltonian structure H 0 such that (1) H 0 is as desired in Lemma 3.14.
(2) J is an almost complex structure compatible with the symplectic connection away from the singular fibers such that the regular fibers of f n are J-holomorphic.
In a neighborhood of a singular fiber of f n , J is given by the gluing of the almost complex structure in a neighborhood of a critical point and a cylindrical product almost complex structure in the complement of the neighborhood of the critical point in the neighborhood of the singular fiber.
Proof. The proof is structured in two parts. In Section 4.4.1, we will construct an almost complex structure in J h p x W 2n q that makes the fibers of f n J-holomorphic. In Section 4.4.2, we will show that the almost complex structure we obtained in the first part of the proof makes the moduli space M x W 2n pJq regular. Both parts concern analysis around a critical point and a regular point of f n along with an extension analysis to the rest of the total space W 2n of f n .
4.4.1. Construction of the suitable almost complex structure. We will start with the case n " 2. Then there exists an almost complex structure on W 4 compatible with a suitable stable Hamiltonian structure such that W 4 is foliated by finite-energy planar J-holomorphic curves [Wenb, Main Theorem] .
Next we will consider the case n ą 2 in two parts:
Part I: Regular fibers Recall that f n is an iterated planar Lefschetz fibration. Then there exists a compatible almost complex structure on each regular fiber W 2n´2 of f n such that W 2n´2 is J-holomorphic and is filled by planar J-holomorphic curves. Let p P D be a regular value away from critical values of f n and consider a neighborhood N p of p. Above N p , the almost complex structure is a product almost complex structure given by the almost complex structure on the fiber W 2n´2 and the lift of the complex structure on the base.
Part II: Singular fibers
Recall that in a neighborhood of a critical point, the Lefschetz fibration f n : W 2n Ñ D is given by the complex map
By Lemma 4.3, we know that the standard complex structure on C n induces an asymptotically cylindrical complex structure in a neighborhood of a critical point. Therefore, f n is a holomorphic map around each critical point. See Section 4.3 for a more comprehensive discussion on the induced complex structure.
Let E c be a neighborhood of a critical value c P D of f n and E " T˚S n´1 be a neighborhood of the critical point above E c such that f´1 n pE c q´E looks like a product manifold. We can then pick a cylindrical product almost complex structure J c on the complement f´1 n pE c q´E such that the the complement looks like a product almost complex manifold.
The almost complex structure j on E can be described as follows: Away from a neighborhood of a critical point in E, the almost complex structure is the complex structure induced from C n as described in Lemma 4.3. At the critical point, it is given by a product almost complex structure as described in Section 4.4.2.
Since j and J c have the same end behavior, the almost complex structure on each singular fiber can be obtained by the gluing J c #J R #j, where J R is a cylindrical almost complex structure on the neck region connecting E with f´1 n pE c q´E. This concludes the existence of an almost complex structure on singular fibers of f n .
Let c 1 , . . . , c m be critical values of f n and N p be a neighborhood of a regular value p P D.
Claim. The almost complex structure J extends tof´1 n pD´m Ť
To study this extension, we will examine the almost complex structure given by the transverse and fiber directions of N . To extend the regularity to the rest of the total space, we slowly interpolate between the regular almost complex structures we obtained on the regular and singular fibers. The change in almost complex structures in the transverse direction is almost constant when zoomed in. Hence, the almost complex structure is close to being a product structure since the variation in the transverse direction is negligible.
Notice that the transverse direction, i.e. symplectic connection direction, of N is given by the pullback of the complex structure on D. To study the fiber direction, we recall that the space of almost complex structures compatible with the symplectic form on the fibers is contractible. Therefore, the extension in the fiber direction is automatic. Hence, the almost complex structure on a regular fiber is homotopic to the almost complex structure on the singular fiber. Denote by J n´1 the almost complex structure on x W 2n´2 for n ě 2. The almost complex structure onf´1
will then look like a product almost complex structure pJ n´1 , j D q, where j D is the pullback almost complex structure of the standard complex structure on D.
Consider the buffer region rr 1 , r 2 sˆr0, 1s connecting the neighborhoods N p and E c 1 . Let t P rr 1 , r 2 s and r 1´r2 " 0. Then the almost complex structure above the buffer region will look like the family pJ n´1 t , j D q given by the almost complex structure on the fiber off n and the pullback complex structure j D sincê f´1 n prr 1 , r 2 sˆr0, 1sq " x W 2n´2ˆr r 1 , r 2 sˆr0, 1s.
Here, the almost complex structure switches from J n´1 r 1 to J n´1 r 2 as we move from tr 1 uˆr0, 1s to tr 2 uˆr0, 1s. Notice that the change in J n in the t-direction is very slow above the buffer region. When we zoom in the buffer region, nothing changes locally. Hence, the almost complex structure on a regular fiber off n extends tô
Finally, one needs to check that no degenerations of curves, such as breaking, occur as we are changing the almost complex structure during this interpolation.
4.4.2.
Proof of the regularity. Observe that the 1-parameter family of almost complex structures tJ t u tPrr 1 ,r 2 s is regular as a family since it is generic. However, at some point t˚P rr 1 , r 2 s, J t˚m ight not be regular. At such points, there might be breaking of curves. In what follows, we argue that no such degeneration occurs.
Consider the mapf 3 : x W 6 Ñ C. Observe that the cylindrical ends in the fiber direction containing the Reeb orbits map down to a point. Hence, by the open mapping theorem, every end containing Reeb orbits has to live in a fiber sincef n is a holomorphic map.
RˆMφ Figure 7 . The figure on the left is the mapφ : RˆM Ñ C. The figure on the right is the fiberφ´1pzq over z P C and a 2-level building depicting the breaking of curves. Here u represents the end of a broken curve containing the Reeb orbit in x W 2n .
Let u be a curve in the cylindrical end RˆBW 4 containing the Reeb orbit depicted as in Figure 7 . Hence, by the discussion above, u has image inside W 4 and W 4 admits a planar Lefschetz fibration whose fibers are planar surfaces with no negative ends. Therefore, no such u exists unless it is a trivial cylinder and trivial cylinders are ignored in holomorphic buildings by convention.
Observe that one can apply this construction to W 2n for all n ě 2 inductively since the mapf n is a projection map from the completion of W 2n to a point for all n, Thus, we could go one dimension down to use the information that u is contained in a fiber. This concludes that there exists no degenerations of curves as we are changing the almost complex structure during the interpolation mentioned in the claim above.
Next we will examine the regularity of curves in a neighborhood of a regular fiber W 2n´2 lying above N p . Recall that all J-holomorphic curves in W 2n´2 are transverse due to the inductive argument. Hence, the associated moduli space is regular away from critical points.
The goal is now to construct an almost complex structure and do a similar regularity analysis as above in some neighborhood E of a critical point. To do this, we will use the local model where W 2n is identified with C n and f n : W 2n Ñ D has only one critical point. The local picture will then look like a conic bundle as in Figure 8 . Note that one can extend this model case to the whole fibration by extending the base so that the base includes all critical points. Let us begin with the case n " 3. Consider the iterated planar Lefschetz fibration f 3 : W 6 Ñ D, where each regular fiber W 4 of f 3 is foliated by planar J-holomorphic curves. We would like to understand how, under ideal conditions, the foliation of W 6 degenerates as each regular fiber W 4 of f 3 degenerates into a singular fiber.
To see this, consider the following projection map
where ϕ´1 3 pwq " tx`iy P C 3 | |x| 2´| y| 2 " w and x¨y " 0u. One can similarly define the following projection map
where w " z 2 1`z 2 2`z 2 3 . Note that π´1pz 3 , wq " tz 2 1`z 2 2 " w´z 2 3 u and π´1p0, 0q " tz 2 1`z 2 2 " 0u. Thus, around each critical point of f 3 , we have the local picture shown in Figure 9 .
Figure 9. The figure on the left is the projection map ϕ 3 onto w whose regular fibers ϕ´1 3 pwq are diffeomorphic to T˚S 2 and the figure on the right is the projection map onto z 3 and w whose regular fibers are tz 2 1`z 2 2 " w´z 2 3 u. Here ϕ 3´1 p0q is the singular fiber.
Consider a sufficiently small box around the origin as depicted in Figure 10 . Each vertical slice in that box will then represent the fiber W 4 of f 3 . Recall that in order to show regularity, it is sufficient to prove the following local statement:
(1) Each point on the vertical slice W 4 should be regular in that slice (See Figure  10) . That is, all J-holomorphic curves in W 4 are transversely cut out. (2) There exists a biholomorphism such that W 6 -W 4ˆB δ , where B δ is a ball centered at 0 with radius δ in C, for δ ě 0 small. Second condition above implies that, in a sufficiently small box, the almost complex structure on W 4 which we will call j 2 P AutpT W 4 q is invariant in the horizontal direction. That is to say, the almost complex structure on W 6 in some neighborhood of a critical point, which we will call j 3 P AutpT W 6 q, can be expressed as a split almost complex structure pj 2 , j C q, where j C is the pullback of standard complex structure in C, i.e., in the horizontal complex direction z 3 . In light of the recall above, we need to write down an almost complex structure j 3 which works with the map C 3 Ñ C such that
(1) if we take vertical slices in the box in Im(π) as shown in Figure 10 , then the slices will look like T˚S 2 , (2) if we move in the horizontal direction z 3 , then the almost complex structure is just a small variation of j 3 which is regular.
Once we find such an almost complex structure j 3 , we need to make sure that it extends to the rest of the total space. Firstly, observe that the standard complex structure on C 2 induces a complex structure on T˚S 2 . See Section 4.3 for details. Consider the projection map π : C 3 Ñ C 2 and a point p P C 2 close to the origin. We want to show that π´1ppq is transversely cut out with respect to the standard complex structure in C 3 . Observe that each vertical slice as shown in Figure 10 is transversely cut out since the dimension of each vertical slice is 4. In order to show that it is transversely cut out entirely, we need to show j 2 varies sufficiently slow in z 3 -direction.
w " z Let Θ : C 4 Ñ C 4 be a biholomorphism defined as follows:
The diffeomorphism Θ is equivalent to straightening out the singular locus where each vertical slice gets mapped to another vertical slice in the range as shown in Figure 11 . Therefore, each vertical slice will be invariant in z 3 -direction. Hence, the biholomorphism Θ makes the total space into a product which is sufficient to guarantee regularity.
The existence of the biholomorphism Θ guarantees the fact that the induced complex structure j 3 on the total space is split in the neighborhood of a critical point and looks like symplectization at the ends. Therefore, all J-holomorphic curves are transversely cut out in a small neighborhood of a critical point.
To extend the regularity in a neighborhood of a critical point to the rest of the neighborhood of the singular fiber which is a product manifold as explained in the first part of the proof, we assume that the generic cylindrical product almost complex structure J c we pick on the complement is regular.
Let j :" j n`1 " pj n , j C q. By Theorem 4.5, we can glue the regular almost complex structures J c and j to get a regular almost complex structure on the neighborhood of the singular fiber.
The construction above applies to all n ě 3 as the projection map π onto the last two variables z n and w will then correspond to the singular locus w " z 2 n as in Figure  9 , and thus, the induced almost complex structure will look like j :" j n`1 " pj n , j D q for all n ě 2. Thus, the regularity of the holomorphic curves follows. 4.5. Gluing. The goal of this subsection is to state the gluing result that we need in Section 4.6 to examine the moduli space of planar J-holomorphic curves near a split holomorphic map in a k-level building.
Consider the Lefschetz fibrationf n : x W 2n Ñ C. Let E c be a neighborhood of a critical value c P D of f n and E be the corresponding neighborhood of the critical point above E c .
Recall that j and J c are asymptotically cylindrical almost complex structures defined in a neighborhood of a critical point E and f´1 n pE c q´E, respectively. Let M 1 denote the moduli space of asymptotically cylindrical planar j-holomorphic curves u 1 : 9 F 1 ÑÊ -T˚S n . Similarly, denote by M 2 the moduli space of asymptotically cylindrical planar J c -holomorphic curves u 2 : 9 F 2 Ñf´1 n pE c q´E.
Let 9 F " 9 F 1 # 9 F 2 . Denote by G δ pM 1 , M 2 q the set of J-holomorphic maps u : 9 F Ñ f´1 n pE c q that are δ-close to breaking into u 1 and u 2 in the sense of [HT1] .
Here, the almost complex structure J on up 9 F q is the gluing J c #J R #j, where J R is the almost complex structure on the neck region connectingÊ withf´1 n pE c q´E. Then we state the following gluing result.
Theorem 4.5. For sufficiently small δ ą 0, there exist a sufficiently large R and a gluing map
which is a diffeomorphism onto its image.
Since the curves of interest are not multiply covered, the proof of this result is a consequence of the gluing results provided in [Pa] and [BH] .
4.6. Neck stretching. In this subsection, we will study the degeneration of a regular fiber into a singular fiber via neck-stretching and show that the filling by planar Jholomorphic curves in the completion of W 2n restricts to a foliation on C n after neck-stretching on E. Hence, one can examine the structure of J-holomorphic curves by looking at E while passing through the critical point.
A priori, we have no control over J-holomorphic curves in the regular fiber W 2i when they get pinched at the singular fiber. Therefore, one needs to analyze the degeneration of J-holomorphic curves across the singular fiber. Most reasonable procedure to study this is to use neck-stretching argument in SFT [EGH] . Recall that neck-stretching is a deformation of an almost complex structure in some neighborhood of a contact hypersurface in x W : See Section 2.4 and [EGH] for a more detailed discussion.
In what follows, we will apply neck-stretching to a neighborhood E of a critical point in W 2n . In this way, J-holomorphic curves in this region will be forced to look like standard annuli when stretching is complete.
Consider the case n " 3 and the map
whose fibers are T˚S 2 Ă W 4 . Recall that the Liouville form
on T˚S 2 induces a contact form on its boundary ST˚S 2 . Recall also that
We take a small neighborhood r´ , sˆRP 3 of RP 3 . Following [EGH] and [HWZ2] , we can replace r´ , sˆRP 3 with
Observe that χp 9 F q " 2´2g´k " 2´0´2 " 0. In order for these curves to be of index 2, the following should hold:
with respect to a properly chosen trivialization τ . Therefore, we need to perturb our contact form so that the resulting closed Reeb orbits are of index 1. This perturbation is crucial for determining the following: when we stretch the neck, we have a priori no information about what collection of orbits the curve in T˚S 2 limits to. To remedy the situation, we will use the perturbation of the contact form described in [Wenb, Section 2] which has been constructed by using the abstract open book of the associated planar contact manifold. Therefore, T˚S 2 region is foliated by cylindrical j-holomorphic curves asymptotic to closed Reeb orbits of Conley-Zehnder index 1.
Note that one can extend this procedure inductively to higher dimensions by using the iterative argument on T˚S n . Finally, we need to glue back the cylindrical ends of each level in the holomorphic building to study the foliation of x W 4 by using Theorem 4.5.
Note also that one can apply this construction to further generalize it to x W 2n , for n ě 2, inductively by using the facts that each W 2i is a fiber of the Lefschetz fibration on W 2i`2 for all i ě 2 and the evaluation map for x W 2i is of degree 1 for each i ą 2.
4.7. Proof of Proposition 4.1. In this section, we will use the results of the previous sections and prove Proposition 4.1 by arguing that the evaluation map
pu, zq Þ Ñ upzq is of degree 1 for i ě 2, i.e., through any generic point p P x W 2i , the mod 2 count of ev´1ppq is 1. Consider W 2i " f´1 i ppq. When i " 2, one can make a stronger statement, i.e., the completion x W 4 admits a foliation by embedded finite-energy planar J-holomorphic curves [Wenb] . Now assume that x W 2i is filled by planar J-holomorphic curves and show that x W 2i`2 is also filled by planar J-holomorphic curves. Since f i`1 is an iterated planar Lefschetz fibration, we can conclude that each regular fiber off i`1 is filled by planar J-holomorphic curves for i ě 2.
In Sections 4.4, 4.8.1, and 4.2, we showed that near a critical point, the moduli space of planar J-holomorphic curves in x W 2i`2 s is still regular, compact and has the expected dimension 2i when M 
be the associated mapping torus which is a smooth p2n`1q-dimensional manifold with boundary. Then there exists a natural fibration
whose fiber is W 2n . When we move along the base S 1 as depicted in Figure 12 , the almost complex structure J on each fiber starts changing due to the monodromy map h. By the time we come to the point q P S 1 , the almost complex structure h˚pJq on the fiber over q P S 1 is not the same as the almost complex structure J over p P S 1 . Let σ : r0, 1s Ñ S 1 be a path with σp0q " q and σp1q " p. Since there exists a curve through each point over the path σ on M h by Proposition 4.1, we can interpolate the almost complex structure over σ. Note that we cannot explicitly construct this interpolation. However, one can use the evaluation map over this path to show that, geometrically through each point, there exists a curve. Hence, the interpolation follows.
Now we need to check if the almost complex structure J on the mapping torus M h extends to the symplectization RˆpBˆDq of a neighborhood of the binding B " BpW 2n q. To do this, we need to find a foliation of RˆpBˆDq by J-holomorphic cylinders asymptotic to the Reeb orbit γ`(See Section 4.1 for the description of the Reeb orbit γ`) that fit smoothly with the J-holomorphic curves in the fiber tconstantuˆW 2n . To see this, we refer the reader to [Wenb, Page 7] for a detailed analysis near the binding. One can then attach the symplectization of t0uˆt0uˆ¨¨¨ˆt0u loooooooooooomoooooooooooon pn´1q-manyˆγt o the holomorphic fiber tconstantuˆW 2n Ă RˆM h which results in an extension of a J-holomorphic fiber in RˆM h to a J 0 -holomorphic fiber in RˆM .
Hence, given a stable Hamiltonian structure H 0 as in Lemma 3.14, J 0 is an almost complex structure on RˆM compatible with H 0 such that the J-holomorphic curves in the pages W
2n of the open book on M lift to J 0 -holomorphic curves in RˆM . This completes the construction of J 0 -holomorphic curves on RˆM except for the index calculation.
Next we compute this index. Let u P M RˆM pJ 0 q be a planar J 0 -holomorphic curve in RˆM . Recall that the expected dimension of the moduli space of J 0 -holomorphic curves in RˆM is the Fredholm index ofB J 0 u. This index is (4.8) indpuq " ppn`1q´3qχpΣq`ÿ γ`µ CZ pγ`, τ q´ÿ γ´µ CZ pγ´, τ q`2c 1 pu˚T pRˆMwhere γ`and γ´are positive and negative ends of up 9 F q, respectively and τ is the trivialization of ξ along γ˘. Note that the Conley-Zehnder index is independent of the choice of τ . The dimension of the ambient manifold is p2n`2q, which explains the term ppn`1q´3q.
The relative first Chern number of the bundle u˚T pRˆM q Ñ 9 F with respect to the trivialization τ is c 1 pu˚T pRˆM" c 1 pT 9 F ' N u q " c 1 pT 9 F q`c 1 pN u q where N u denotes the normal bundle to u. Observe also that transverse direction is trivial. Thus, we have c 1 pu˚T pRˆM" c 1 pT 9 F q.
Now consider the case when u : p 9 F , jq ÝÑ pRˆM, J 0 q and dim R pRˆM q " 2n`2. Consider also a projection map from a neighborhood N pM 2n´3 q of M 2n´3 to D. This map gives a trivialization τ of N pM 2n´3 q -M
2n´3ˆD
. We then obtain µ CZ pγ`, τ q " pn`1q´1 " n.
Thus, Equation 4.8 implies that
indpuq " ppn`1q´3qχp 9 F q`k¨n´0`2χp 9 F q " pn´2qp2´kq`k¨n`2p2´kq " np2´kq`k¨n " 2n.
Let λ 0 be a nondegenerate contact form on an iterated planar contact manifold M and let λ " f¨λ 0 ,
where f is a positive function on M and λ is a nondegenerate contact form on M .
t`1 t t pt`1q RˆM Figure 13 . The degeneration of the almost complex structure J 0 on RˆM .
Let I t " r´t, ts and t P r1{2, 8q. Denote byJ t an pM, λq-compatible almost complex structure on I tˆM . The almost complex structure J t , for t ě 1 2 , is defined as follows:
on r´t, tsˆM, J 0 on rt`1, 8qˆM, J 0 on p´8,´pt`1qsˆM.
Assuming thatJ t is invariant in the Liouville direction, the almost complex structure J t on RˆM will then be the gluing of the almost complex structureJ t on I tˆM with J 0 on the complement of I tˆM in RˆM .
The family tJ t u 8 t"1{2 is the pM, λq-neck-stretching of J 1{2 . By Proposition 4.1 and Lemma 4.7, for each t P r0, 8q, there exists a planar J-holomorphic curve u t which passes through t0uˆM .
Let z t be a cylinder in the domain of a J t -holomorphic curve u t in I tˆM . Let aptq ă t. After possible R-translation, the image u t pz t q is close to r0, aptqsˆγ`as aptq Ñ 8. Now, by Gromov-Hofer compactness, after passing to a subsequence of u t , planar holomorphic curves in I tˆM will be asymptotic to closed Reeb orbits as t Ñ 8. This concludes the proof of Main Theorem.
Notice that as t Ñ 8, we need to make sure that compactness issues such as bubbling or breaking of curves do not arise. In what follows, we show that these degenerations never happen in our setting. 4.8.1. Compactness of the moduli space. Here we study the compactness of the moduli space M RˆM pJ 0 q by using the relevant compactness results in the symplectic field theory and also by analyzing the existence of broken cylinders, and bubbling. For a more detailed exposition on the subject, we refer the reader to [BEH`].
The compactness result in the symplectic field theory [BEH`] states that holomorphic buildings obtained via neck-stretching consist of finite energy curves that are asymptotic to holomorphic cylinders on closed Reeb orbits. Moreover, asymptotic Reeb orbits must match up in pairs. That is, each positive end of a curve in level i is matched with the corresponding negative end of the curve in level i`1.
During the neck-stretching process described in Section 2.4, one needs to keep track of possible degenerations of J-holomorphic curves into bubbles or broken cylinders. Next, we will study these degenerations and prove the following: Lemma 4.7. There exist no broken cylinders and bubblings of closed curves in M RˆM pJ 0 q.
Proof. By Stokes' theorem, there exist no non-constant J-holomorphic spheres since Weinstein domains are exact manifolds. Therefore, bubbling of closed curves never occurs in all dimensions.
As for breaking, one needs to perform a careful analysis. Recall that the monodromy map h : W 2n Ñ W 2n of the open book on M and the associated mapping torus M h " r0, 1sˆW 2n L p0, hpzqq " p1, zq. Then there exists a natural fibration φ : M h Ñ S 1 whose fiber is W 2n . When we move along the base S 1 as depicted in Figure 12 , the almost complex structure J on each fiber starts changing due to the monodromy h.
Recall that we interpolated the almost complex structures above the path σ P S 1 to ensure that the almost complex structures are homotopic.
Next we will examine possible degenerations of curves, such as breaking as we are changing the almost complex structure J during this interpolation. To see this, consider the mapφ : RˆM Ñ C.
Notice that breaking may occur if we obtain a holomorphic building with 2 levels, none of which is trivial, after symplectization.
Let n " 2. Consider the mapφ : RˆM Ñ C where dim R M " 5. Observe that the cylindrical ends in the fiber direction containing the Reeb orbits map down to a point. Hence, by the open mapping theorem, every end containing Reeb orbits has to live in a fiber sinceφ is a holomorphic map. Let u be a curve in the cylindrical end RˆBW 4 containing the Reeb orbit depicted as in Figure 14 . Hence, by the discussion above, u has image inside W 4 and W 4 admits a planar Lefschetz fibration whose fibers are planar surfaces with no negative ends. Therefore, no such u exists unless it is a trivial cylinder and trivial cylinders are ignored in holomorphic buildings by convention.
Observe that this construction applies to W 2n for all n ě 2 inductively since the mapφ is a projection map from the completion of the page W 2n to a point for all n, Thus, we could go one dimension down to use the information that u is contained in a fiber. Therefore, the proof follows.
At this point, it is crucial to remind the reader that the almost complex structure J is not cylindrical as explained in Section 4.3. It is rather asymptotically cylindrical and this may affect the compactness discussion above. However, thanks to [B] , we know that the compactification results in SFT generalizes to asymptotically cylindrical almost complex structures.
